
Cash or nothing derivative

Math 485

December 17, 2013

1 Goal:

To show that the price for a cash or nothing derivative: VT = 1{ST≥K} at time t,

which is

V (t, St) = e−r(T−t)N(d2(t, St)),

d2(t, St) =
(r − 1

2
σ2)(T − t)− log(K

St
)

σ
√
T − t

satisfies the Black-Scholes PDE:

∂

∂t
V +

∂

∂x
V rx+

∂2

∂x2
V σ2x2 − rV = 0

V (T, x) = 1{x≥K}.

2 Check the terminal condition:

We want to show that

V (T, x) = 1 if x ≥ K

= 0 if x < K.

Indeed if x > K then K
x
< 1 and log(K

x
) < 0. Therefore d2(T, x) =∞ and

N(d2(T, x)) = 1.

Similarly x ≤ K then K
x
≥ 1 and log(K

x
) ≥ 0. Therefore d2(T, x) = −∞ and

N(d2(T, x)) = 0.
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3 Calculations:

1. Derivatives of d2(t, x):

∂

∂t
d2(t, x) = −

r − 1
2
σ2

2σ
√
T − t

+
log( x

K
)

2σ
√
T − t3

=
1

2(T − t)
[
d2 −

2

σ
(r − 1

2
σ2)
√
T − t

]
∂

∂x
d2(t, x) =

1

xσ
√
T − t

∂2

∂x2
d2(t, x) = − 1

x2σ
√
T − t

.

2. Derivatives of V :

∂

∂t
V = re−r(T−t)N(d2(t, x)) + e−r(T−t)φz(d2(t, x))

∂

∂t
d2(t, x)

= rV + e−r(T−t)φz(d2(t, x))
∂

∂t
d2(t, x)

∂

∂x
V = e−r(T−t)φz(d2(t, x))

∂

∂x
d2(t, x)

∂2

∂x2
V = −e−r(T−t)d2(t, x)φz(d2(t, x))(

∂

∂x
d2(t, x))2 + e−r(T−t)φz(d2(t, x))

∂2

∂x2
d2(t, x).

3. Check the cancellations:

a.

∂

∂t
V − rV = e−r(T−t)φz(d2)

1

2(T − t)

[
d2 −

2

σ
(r − 1

2
σ2)
√
T − t

]
= e−r(T−t)φz(d2)

1

2(T − t)
d2 − e−r(T−t)φz(d2)

1

σ
√
T − t

(r − 1

2
σ2).

b.

∂

∂x
V rx =

re−r(T−t)φz(d2)

σ
√
T − t

1

2

∂2

∂x2
V σ2x2 =

1

2

[
− e−r(t−t)φz(d2)d2

T − t
− e−r(T−t)φz(d2)σ√

T − t
]
.

It is easy to see that everything cancels out now.
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